A physically-based deformable model proposed by Terzopoulous et al. is governed by the Lagrange's form, that establishes the relation between the dynamics of deformable models under the influence of applied forces. The net instantaneous potential energy of deformation is derived on the basis of the geometric properties, namely the first and second fundamental forms. For simplicity, the normal vector at each sample point is approximated by the second derivative. In this paper we present another approximation for the normal vector which offers better visual simulation. Some comparisons are given.
Introduction
We may distinguish two types of movement for an object. The first type involves changes in position of points such that all metric properties, e.g. length, angle, area and volume of the object are preserved. The second type involves changes in the relative position of at least a pair of points which may lead to local deformation of shape. We say that an object is rigid, if it only suffers the first type of movement; otherwise, we say that it is deformable.
Terzopoulos et al. [12] proposed a deformable surface model which relates the Lagrangian motion equation with the metric and curvature tensors of the deforming surface. The metric tensors measure the deforming surface stretches and/or shears and the curvature tensors that give us the amount that a surface bends or twists while it is deforming. From this way, the physical quantities are "geometrized". Hence, in comparison with the existing approaches for cloth objects [1, 6, 13, 14] , we believe that it is a potential candidate for a model which is more intuitive to use and has realistic deformation results.
Horta and Wu [8] perceived, however, that it is difficult to obtain with the mentioned model a deforming behavior for a surface which has a resistance against bending. Ramos et al. [11] thought that the problem derives from the lack in the control of the relationship between the metric and curvature tensors while the surface is deforming. The metric and curvature tensors must satisfy certain compatibility differential equations known as Gauss and Mainardi-Codazzi equations of surface theory [3, 9] . Nevertheless, from their exhaustive experiments, they concluded that, even when the compatibility equations are satisfied, unrealistic deforming behaviors concerning with bending may be yielded.
Attracted by the potentiality of the model in providing a more intuitive interface to the users, we decided to investigate more carefully the approximation of the components of the metric tensor and the components of the curvature tensors presented by Terzopoulos et al. in [12] . These components require approximations to the normal vector, the first and the second derivatives. For reducing the partial differential equation of motion into a system of linear equations, the normal vectors are replaced by the second derivatives and finite differences are applied for the derivatives. From our analysis, the direction of the normal vector, that is of fundamental importance in modeling the bending behavior, and the direction of second derivatives are seldom coincident. This motivated us to present a more precise, but still linearizable, formula for the normal vectors.
The paper is organized as follows. In section 2 some basic concepts of Differential Geometry are presented. To be self-contained, the model proposed by Terzopoulos et al. is summarized in section 3 and we show some visual effects of the deformation of surfaces that have big resistance to bending -the motivation of this work. A new approximation for the normal vector is given in section 4. For comparison purpose, some new simulation results are presented in section 5. Finally, in section 6, some concluding remarks are drawn.
Concepts
To be self-contained some fundamental concepts necessary for understanding this paper are given [3, 9] .
A surface Ë may be specified in terms of parametric equations of the form Ü Ü ´ ½ ¾ µ ( ½ ¾ ¿), where Ü are rectangular Cartesian coordinates of a point È on the surface Ë and ( ½ ¾) are parameters. We assume that the functions Ü ´ ½ ¾ µ are single-valued and continuous and also require that they possess as many derivatives as may be required. The position vector Ö, with rectangular Cartesian components Ü , at È may be expressed as a function of the parameters , where these parameters are usually called curvilinear coordinates on the surface Ë.
Let Ö ª Ê ¿ be a regular surface Ë given by
As we have
the squared length of an arc in curvilinear coordinates can be expressed by
where
Eq.(2) is known as first fundamental form or metric tensor and the elements are called metric coefficients. Since the inner product is symmetric, one may conclude that ½¾ ¾½ . The curvature at a given point in any curve measures the amount of variation of the tangent's direction at that point from the tangents of its neighborhood. The normal curvature of a point È that lies on a curve of a surface Ë is given by Ò Ó× (4) where is the curvature of in È and is the angle between the vector normal to and the vector normal to Ë, in È . Roughly speaking, the coefficients of the first fundamental form are related to the measures of an arc length, angles, and areas on a surface (metric tensor), whereas the second fundamental form describes how the curves on a surface bend and/or twist (curvature tensor). The metric and the curvature tensors are not independent: they must satisfy certain compatibility differential equations known as Gauss and Mainardi-Codazzi equations of surface theory.
Since ´ Òµ ½ and ´ Òµ ¾ at È belong to Ì È´Ë µ, we may also write
are known as Weingarten coefficients.
If Ë is orientable, it is possible to assign to each point a natural basis given by the vectors ´ Öµ ½ and ´ Öµ ¾ and Ò. By expressing the derivatives of ´ Öµ ½ and ´ Öµ ¾ in the basis ´ Öµ ½ , ´ Öµ ¾ , Ò , we obtain the formulae of Gauss Replacing Ö in Eq. (10) by Eq. (14), we get the following expression for the Christoffel symbols in terms of the 
In Eq.(16) is the mass density and is the dumping constant at a point Ö. The vector denotes the total contribution of external forces at Ö in an instant Ø. The term corresponding to the internal energies accumulated due to elastical deformation ´ Öµ is estimated from the following empirical consideration [12] 
which takes, for the metric and curvature tensors, a weighted norm of the difference between the deformed state and rest state values. That measure can reasonably estimate the elastical energy of a surface, attaching the amount of energy to the variations in the surface's geometric shape. In other words, that norm is a measure of the energy needed to displace the surface's points, defined over a region ª, from their rest state.
By applying the weighted norms of Eq.(17), the following simplified deformation energy is obtained: are related to surface stretching and shearing, while the values for are related to bending and twisting, our measures of deformation follow from these quantities and the surface's behavior of resistance to external forces will be as much effective as greater are the values assigned to the elasticity parameters.
Observing Eqs. (16) and (17) we will see that the geometric shape of a deformable surface can be controlled not only by , and external forces ´ Ö Ø µ, but also by the elasticity parameters. Due to the diversity of parameters involved, different combinations of those parameters could take us to the same visual effect.
That flexibility increases the model's versatility, but, on the other hand, makes it difficult to be controlled, since these parameters are not orthogonal and the influence of some parameter values can be masked by others. Ramos et al. proposed the distinction of two control levels [11] :
Rigid-body motion control: By assigning adequate values for , and , we may have an inaccurate, but intuitive control of the object's dynamics. All points in the surface assume equal values of and , considering that the surface is homogeneous in relation to the environment in which is immerse.
Pure deformation control:
The variations in the local geometry of each point is caused by the material's resistance to variations in stretching and bending. That effect can be controlled by properly setting the elasticity parameters and .
On the basis of the parameter choices suggested by Ramos et al., we carried out a set of simulations in the deformable model given by Eq. (21) and group them into four classes of deformations:
1. no resistance to metric variation and no resistance to curving ( ¼ and ¼) such as the effect of gravity force acting on a piece of melting cheese fixed at its boundary (Figure 1) . Note that the deforming energy is completely absorbed by the points adjacent to the fixed ones; no deformation occurs in the interior of the object. with fixed boundary under the action of the gravity force, as depicted in Figure 3 . Note that as the value of increases, the sheet tends to remain flat once it offers more resistance to stretching. The perception of "variation in bending" is due to the natural "geometric compatibility adjustment" since there is no resistance to curving and the border is fixed.
resistance to metric variation and resistance to curving (
¼ and ¼ ) such as a piece of cardboard( ¼ ¼½ and ½ ¼ ¢ ½¼ ) under a pressing force at its center, as shown in Figure 4 .
From our experiments, we noticed that it is difficult to control the bending deformation with the elasticity parameters ¼ . Most of visual results do not correspond to the expected physical behavior. Figure 5 gathers the simulation results of a piece of paper for the same set of simulation parameters, except the resistance to curving under a force applied at its center. Observe that for a fixed , when the value of increases, the sheet of paper tends to fold, instead of maintaining flat. It seems that curving resistances spontaneously generate additional forces to produce twisting effect. Our conjecture is that these unrealistic effects are due to the lack in the control of the relationship between the metric and curvature tensors while the surface is deforming. . In our approximation, the main concern is that the components of the metric and the curvature tensors must satisfy the compatibility relation expressed by Eq. ( 9) and that the result is easily linearizable. Using Eq. (7), the following approximation is derived
We would like to write an expression for Ò in terms of the derivatives of Ö, without resorting to cross product in order to also make possible the transformation of the system of partial differential equations (19) into a system of ordinary differential equations. From Eq. (9), we have at each non-singular point ( The Christoffel symbols may be computed from the coefficients of the metric tensor and their derivatives with the help of Eq.(15), while the components of the curvature tensor depend on the second derivatives and the normal vector to be calculated as shows Eq.(6).
To simplify, we used the fact that the surface is continuously deforming and the time and spatial discretizations are sufficiently fine that there is no abrupt modification in the normal vectors and in the Christoffel symbols and in at any point of the surface between two subsequent states In principle, only the direction of normal vectors is important for determining the bending deformation energy, our first attempt was ignoring the norm of Ò by setting ½ ¼. However, some non-realistic visual effects were still observed. Figure 6 illustrates, after a large reaction force, how the deforming surface may suffer displacements in the tangential direction in such a way that it seems "rotating", even when only forces in the normal direction are applied. Tracing the simulation procedure, we observed that the norm of a non-normalized normal vector may be very large and may contribute unrealistically to the summation of the deforming forces.
If we normalize the normal vector, when the spatial discretization is coarse we still faced cases for which is so small that Ò may suffer from numerical imprecision.
As an intermediary solution, we opted for estimating Ò with the following expressions, where AE is a function of the initial spatial discretization of the mesh:
Experimentally, we observed that AE ¼ delivers best results for the cases when the discretization is such a one that the mapping of each of its cells is a almost planar patch in Ê ¿ .
Standard finite difference approximation as suggested by Terzopoulos et al., is used to discretize Eq. 
New Simulation Results
In this section we present some representative simulation results obtained with our proposed approximation for the normal vectors and the term ¾ ´¬ Òµ. Figure 7 shows the new simulation results with the same set of simulation parameters used in Figure 5 . Observe that when the resistance to curving increases, the sheet of paper tends to preserve its flatness instead of folding. Figure 8 shows the results obtained with the same simulation parameters we used for the animation sequence presented in Figure 6 . Note that the visual effect we obtained in Figure 8 is closer to our intuition than the one presented in Figure 6 . Figure 9 illustrates a simulation of lifting a sheet of cardboard which offers a big resistance both to stretching ( Figure 11 shows a simulation of opening of a silk curtain that differs from the previous one only in the . In this simulation, ¼ ¼ Figure 12 presents the results of a simulation similar to the one illustrated in Figure 2 . We only alter the value of curving resistance ( ½ ¼ ¢ ½¼ and ½¾ ¾½ ½ ¼ ¢ ½¼ ). Observe that with resistance to curving, the behavior of the table cloth turns from the fabric material to the cardboard one.
Despite of the good visual simulation results from this section, in which we used distinct values for the compo- nents of and to obtain the shearing and twisting effects, the relation between the values of and twisting effects does not correspond to our expectation yet in most experiments we performed.
Concluding Remarks
The expected visual effect of the curving resistance forces is to act against the external forces in the normal vector direction. More reliable are the normal vectors, more realistic are the visual effects. We present another expression for computing the term ¾ ´¬ Òµ in Eq.(19) and an approximation for the normal vectors on the basis of Gauss formulae which take the compatibility of the metric and the curvature tensors into consideration. Much more intuitive results have been achieved with small increment in the computational complexity. Further investigation of the relationship between the parameter AE and a spatial discretization is required to provide an adaptative meshing procedure.
In our tests, we perceived that the control of twisting is still awkward. When ¼ , excessive displacements in unexpected directions can occur. We believe that the problem may rely on the deformation model proposed by Terzopoulous and we plan to investigate alternative models that also relate the physical variables with the geometric measurements.
